Abstract-The paper deals with a problem of a passive measurement of the relative position of an optical beacon and an optical camera by a simultaneous analytical method. The beacon is composed of nine light sources which are arranged in space in a defined way. The proposed beacon layout enables the measurement of the beacon range and one position angle of the camera. This paper presents the mathematical model of the measurement method and the results, which were gathered on the basis of the experimental measurements. The standard commercial camera and lenses with four different focal lengths were used.
I. INTRODUCTION
Passive methods using images of some objects of interest constitute one group of the methods of measuring the relative position of the objects. Some analytical methods are theoretically developed, experimentally verified and, also practically used [1] [2] [3] [4] . This task can also be solved using neural networks [5] . This paper deals with the problem of the passive measurement of the position of the optical camera (hereinafter camera) relative to the artificially created object, the optical beacon (hereinafter beacon), with a defined spatial arrangement. The paper presents analytical relations that allow indirect measurement of the required parameters.
For experimental purposes, the beacon was made. Its design is shown in Fig. 1 and Fig. 2 . It allows a satisfactory measurement of the distance between the camera and the beacon (hereinafter beacon range) and the position angle of the camera in the horizontal plane (hereinafter camera azimuth). Nine semiconductor LED sources (hereinafter diode) are used as the sources of optical signals sensed by the camera. Depending on the relative position of the diodes on the beacon and the relative position of their images in the plane of the camera sensor, the values of the measured variables are determined. The presented layout of the beacon allows the use of the azimuth measurement ratio method.
II. MATHEMATICAL MEASUREMENT MODELS
The beacon diodes delineate three walls, one front and two lateral. All of them are shaped like squares of the same size. The sides of these squares represent the base of the beacon b, see Fig. 1 . The S1 diode is a referential diode. The horizontal plane ρh passes through the beacon centre CB located in the middle of the front wall Af. The plane of the beacon symmetry ρv passes through diode S1 and the beacon centre CB. It is perpendicular to plane ρh. The front wall and the individual lateral walls form the beacon opening angle β. In Fig. 1 , areas Allp and Alrp are orthographic projections of the side walls All and Alr onto the plane in which the wall Af lies. The distances d12, d16 and angle 1 are as follows:
Passive camera measurements can be expressed by two mathematical models. The first model consists of analytical relations for the separate measurement of the beacon range and camera azimuth, see Part II. A. The second model is a set of analytical relations that are used for the simultaneous measurement of the range and azimuth, see II. B.
A. The separate measurement of range and azimuth
In the case of separate measurement, the beacon range and the camera azimuth are determined by separate relations. The calculation of the azimuth is either independent of the range or it is conditioned by knowledge of the range. The beacon range R (m) is given by the relation [6] 
where b is the base length, (m); b´ is the base image length, (m); f is the focal length of the camera lens, (m).
In order to determine the base image length b', the distance between the images of the diodes lying above one another must be used. Their connecting lines are parallel to the plane of symmetry; e.g. diodes S3 and S5 etc. Distance b' between the images of these diodes does not change with the azimuth.
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Azimuth can be measured using the ratio of the distances between the images of corresponding diodes, for example S2, S3 and S8, S6. This ratio is given by [6] sin cos cos sin sin cos cos sin
where b´26, b´83 are the distances between the images of the diodes S2, S6 and S8, S3, respectively, in the area of the camera detector, (m); ω is the azimuth, (rad).
The equation (2) is derived for orthographic projections of the diodes onto a plane perpendicular to the optical axis of the camera. The angle ω cannot be expressed explicitly and it is, therefore, determined numerically. The measurement of the azimuth is independent of the beacon range. Relation (2) does not take into account the issue of perspective when projecting spatial objects onto a plane [7] . As a result, it can be used with sufficient accuracy only at relatively large distances.
The span of measurable ranges spreads toward smaller values using a relation that takes into account the perspective projection [6] : 
where d12, d16 are the distances between the S1, S2 diodes and S1, S6 diodes, respectively (m); 1 is the angle formed by the line connecting the S1 and S6 diodes and the plane where the front wall lies, (rad), see Fig. 1 .
Even in this case, the angle ω must be determined numerically. Since relation (3) includes the beacon range R, the range must be calculated preliminarily from the relation (1). 
B. Simultaneous measurement of range and azimuth
The principle of simultaneous measurement of the beacon range and the camera azimuth is based on the calculation of the mean of the beacon ranges determined from the distances between images of the relevant diodes constituting a measuring pair. The range mean is then used to determine the root mean square (rms) of the range differences. The range difference is the difference between the range mean and the range calculated for a given diode pair.
The beacon ranges calculated for individual diode pairs are as follows: 
where b´31, b´12, b´81, b´16 are distances between the image of the S1 diode and the images of the S3, S2, S8, S6 diodes, respectively, in the plane of the camera detector, (m); R31,…, R16 are beacon ranges determined on the basis of the distances between the images of the relevant diodes.
The
The range difference Dij (m) for the i, j diode pairs is given by the formula
The rms of the range differences Drms (m) is as follows Changing the azimuth in equations (4) to (7) leads to changes in the mean of the calculated ranges and the rms of the range differences. Assuming that the input azimuth is equal to the true azimuth, the beacon parameters are set exactly according to the selected values, and the camera has a high resolution, we could theoretically expect the rms of the range differences to be practically zero.
Because of measurement errors, the sought azimuth is such (substituted into (4) to (7)), for which the rms of the range differences is minimal. In this case, we consider the mean of the calculated ranges to be the sought distance between the beacon and the camera.
III. MEASUREMENT RESULTS
This section presents the results of the indicative experiment following the model for the simultaneous measurement of range and azimuth, see TAB. I. The aim of the experiment was to assess whether the proposed method is applicable. It was conducted using a Mintron OS-45 D camera and four different lenses. Their focal lengths were {8; 16; 25; 120} mm. The beacon base length was 47 cm and the beacon opening angle was 47°. The measurement was performed for three azimuth values and three range values for every lens: ω = {0°; 15°; 30°}, R = {14,58; 26,19; 47,24} m.
Tab. 1 is divided into two sections. The first one contains the found azimuth values, as well as the corresponding relative errors, for ω = {15°; 30°}. In the second section, the values of the beacon ranges and the corresponding relative errors for all measured ranges are presented.
Cells containing a cross indicate such configurations of the focal length, beacon range and camera azimuth which did not allow the evaluation of the acquired snapshot and the calculation of an appropriate quantity. In the case of the 8 mm lens, the reason was low resolution. The images of the diodes lying next to each other (S8, S3 or S6, S2) overlapped. When using the 120 mm lens with a large magnification and a small field of view, only a part of the beacon was displayed. For each configuration, the beacon position was measured only once. The errors were mainly caused by the fact that the actual values of the beacon parameters (base and opening angle) differed from the supposed values because the beacon was not firm enough.
In the case of the azimuth, the absolute values of most relative errors did not exceed the level of 5%. This error was extreme (22.30%) in one case. The probable cause may be a gross error when reading the coordinates of the diode images. In the case of distance, no absolute value of the relative error value exceeded the 7% level. The means of the absolute values of the relative errors determined from all measured values were 3.18% for the azimuth and 4.17% for the range. The error values listed in TAB. I are not results of the proper analysis of the accuracy. They indicate whether the method is usable. But stated values of the simultaneous method and the errors of the neural network method [5] are of the same order.
IV. CONCLUSION
The proposed passive method of the simultaneous measurement of the relative position of the optical beacon is based on the use of a defined spatial arrangement of diodes forming an optical beacon. By evaluating the corresponding distances between individual diode images in the camera sensor plane, the beacon range and potentially both the camera azimuth and the elevation relative to the beacon can be determined. The experimental beacon and the presented mathematical model allow measuring of the range and the azimuth only.
The maximum measurable range is determined by the camera resolution, which is, for the given sensor, determined by the lens focal length. The minimum measurable range depends on the beacon size and the camera field of view. All beacon diodes must be displayed on the detector sensitive surface. The theoretical azimuth measurement span is given by the beacon opening angle: ω ∈ (-, ).
TAB. I presents the results of the experimental measurement of the beacon range and camera azimuth. These results are only indicative as the declared beacon parameters and azimuth values could not be fully met.
If the true base and beacon opening angle differ from the calculating values, methodological errors arise. The instrument errors depend on the camera resolution and method of image processing. Other errors result from mathematical models, approximations, influence of elevation angle, lens distortion and lens inaccuracy. The equations (4) to (7) are not valid for the elevation angle which differs from zero. However, during the experiment, its possible random values were small, and its effect on the accuracy was small as well. The lens quality influences the method precision significantly. The lens distortions were verified but they were not measurable. Other lens inaccuracies were compensated manually.
The measurement of the object position by the presented method can be potentially applied during day and night landings of helicopters using TV or thermal imaging cameras. Infrared cameras can work with a beacon made of natural infrared radiation sources. These sources can be created, for example, by applying a contrast material to defined locations of a plate with a homogeneous surface.
